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1 Introduction

Given a R-vector space V = R2n, n ∈ N, equipped with an inner product 〈 , 〉,
∧r V is the R-vector

space of degree r exterior forms. If {ei}2ni=1 is an orthonormal basis of V , then {ei1 ∧ ei2 ...∧ eir , 1 ≤
i1 < i2... < ir ≤ 2n} is an orthonormal basis of

∧r V , dim
∧r V =

(
2n
r

)
. For any 1 ≤ i1 < i2... <

ir ≤ 2n, 1 ≤ j1 < j2... < jr ≤ 2n,

〈ei1 ∧ ei2 ... ∧ eir , ej1 ∧ ej2 ... ∧ ejr〉 = δi1,j1δi2,j2 ...δir,jr ,

For any 1 ≤ k, l ≤ n, k + l ≤ n, ξ ∈
∧2k V, η ∈

∧2l V , find max‖ξ‖=‖η‖=1 ‖ξ ∧ η‖.

Conjecture 1 (Chen-Ning Yang). The maximum is attained when

ξmax =
ωk

‖ωk‖
, ηmax =

ωl

‖ωl‖
, ω =

n∑
i=1

e2i−1 ∧ e2i,

And we have
ωk = k!

∑
1≤i1<i2...<ik≤n

(e2i1−1 ∧ e2i1) ∧ ... ∧ (e2ik−1 ∧ e2ik)

Notice that (e1 ∧ e2) ∧ (e3 ∧ e4) = (e3 ∧ e4) ∧ (e1 ∧ e2) has an even permutation on indices.

‖ωk‖22 = k!2
(
n

k

)
, ‖ωl‖22 = l!2

(
n

l

)
, ‖ωk+l‖22 = (k + l)!2

(
n

k + l

)
,

‖ξmax ∧ ηmax‖22 =
‖ωk+l‖22
‖ωk‖22‖ωl‖22

=
(k + l)!(n− k)!(n− l)!
k!l!n!(n− k − l)!

, C(n, k, l),

C(n, k, l) =
(k + l)!(l +m)!(k +m)!

k!l!m!(k + l +m)!
, m = n− k − l,

Let’s start by analysing some special cases.

Example 1. k + l = n, now
∧2k+2l V =

∧2n V = Re1 ∧ e2 ∧ ...e2n−1 ∧ e2n. Assume that u =∑
I uIeI ∈

∧2k V , v =
∑

J vJeJ ∈
∧2l V , where

I = (i1, i2, ..., i2k), 1 ≤ i1 < i2... < i2k ≤ 2n, eI = ei1 ∧ ei2 ... ∧ ei2k ,

J = (j1, j2, ..., j2l), 1 ≤ j1 < j2... < j2l ≤ 2n, eJ = ej1 ∧ ej2 ... ∧ ej2l ,

then we have
u ∧ v =

∑
I∩J=∅

uIvJeI ∧ eJ =
∑
I∩J=∅

uIvJsgn(σI,J)e[2n],
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σI,J : (I, J)→ [2n] = (1, 2, ..., 2n), e[2n] = e1 ∧ e2 ∧ ...e2n−1 ∧ e2n,

sgn(σI,J) is the signature of permutation σI,J : sgn(σI,J) = 1 if σI,J is an even permutation,
sgn(σI,J) = −1 if σI,J is an odd permutation.

‖u ∧ v‖2 = |
∑
I∩J=∅

uIvJsgn(σI,J)| ≤ ‖u‖2‖v‖2,

holds by Cauchy’s inequality, since for any given I, J = [2n]\I is uniquely determined. Since
C(n, k, l) = 1 in this case, the conjecture holds. Notice that in this case, for any given u ∈

∧2k V
with ‖u‖ = 1, there exists v ∈

∧2l V with ‖v‖ = 1 such that the equality ‖u ∧ v‖ = ‖u‖‖v‖ holds.

Property 1 (Construction of exterior product by tensor product and quotient map). ∧ :
∧2k V ×∧2l V →

∧2k+2l V is a bilinear map:

(ξ1 + ξ2) ∧ η = ξ1 ∧ η + ξ2 ∧ η, ξ ∧ (η1 + η2) = ξ ∧ η1 + ξ ∧ η2,

(aξ) ∧ η = a(ξ ∧ η) = ξ ∧ (aη), a ∈ R,

So we have the universal property of tensor product: ∧2k V ×
∧2l V

ϕ //

∧ ((

∧2k V ⊗
∧2l V

∼
��∧2k+2l V

where ϕ :
∧2k V ×

∧2l V →
∧2k V ⊗

∧2l V, (u, v) 7→ u⊗ v is the canonical bilinear map, and
∼:
∧2k V ⊗

∧2l V →
∧2k+2l V is the quotient map defined as follows: for I ⊂ [2n], |I| = 2k, J ⊂

[2n], |J | = 2l, if I ∩ J = ∅, then let

∼ (eI ⊗ eJ) = sgn(σI,J)eI∪J , σI,J : (I, J)→ I ∪ J,

where I, J, I ∪ J are sorted in ascending order, sgn(σI,J) is the signature of permutation σI,J . If
I ∩ J 6= ∅, then let ∼ (eI ⊗ eJ) = 0.

Property 2 (Universal property of exterior product). Assume V = Rn, the space of degree m
exterior forms on V is

∧m V . It has the following universal property: if ϕ : V ×m →W is a m-linear
antisymmetric (alternating) map where V ×m is the product of m copies of V and W is a R-vector
space, then there exists a unique m-linear antisymmetric map ϕ̃ such that the following diagram
commutes: V ×m //

ϕ
$$

∧m V

ϕ̃

��
W

Especially, when m = 1,
∧1 V is the dual vector space V ∗ of V .

Property 3. Monotonicity of C(n, k, l): for fixed k, l ∈ N+, n ≥ k + l, we have

C(n+ 1, k, l) > C(n, k, l)... > C(k + l, k, l) = 1,

Proof. Let m = n+ 1− k − l, since (m+l)(m+k)
m(m+k+l) > 1, we have C(n+ 1, k, l) > C(n, k, l).

Property 4. If there exists a subspace V1 ⊂ V with dimV1 = 2k, such that ξ ∈
∧2k V is the unit

volume form of V1, and there exists a subspace V2 ⊂ V with dimV2 = 2l, such that η ∈
∧2l V is

the unit volume form of V2. Then ‖ξ‖ = ‖η‖ = 1, and V1 has an orthonormal basis {ei}2ki=1, such
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that ξ = e1 ∧ e2... ∧ e2k, V2 has an orthonormal basis {e′j}2lj=1, such that η = e′1 ∧ e′2... ∧ e′2l. Then
by Hadamard’s inequality, we have

‖ξ ∧ η‖ = ‖e1 ∧ e2... ∧ e2k ∧ e′1 ∧ e′2... ∧ e′2l‖ ≤
2k∏
i=1

‖ei‖
2l∏
j=1

‖e′j‖ = 1,

If U, V are Hilbert spaces on R with inner products 〈 , 〉U and 〈 , 〉V , we may construct an inner
product on U ⊗ V as follows:

〈u1 ⊗ v1, u2 ⊗ v2〉U⊗V = 〈u1, u2〉U 〈v1, v2〉V ,

Notice that under this inner product on U ⊗ V , the canonical bilinear map ϕ : U × V → U ⊗ V is
an isometry onto imϕ in the following sense: ‖u ⊗ v‖U⊗V = ‖u‖U‖v‖V . ϕ is a Segre embedding,
imϕ is a Segre variety. If {ei}mi=1 is an orthonormal basis of U , {e′j}nj=1 is an orthonormal basis of
V , then {ei ⊗ e′j}1 ≤ i ≤ m, 1 ≤ j ≤ n is an orthonormal basis of U ⊗ V . The exact form of ϕ is as
follows:

u =
m∑
i=1

uiei, v =
n∑
j=1

vje
′
j , ϕ(u, v) = u⊗ v =

∑
1≤i≤m,1≤j≤n

uivjei ⊗ e′j ,

and we have dim imϕ = dimU + dimV − 1. In the case of Yang’s conjecture, we have

dim
∧2k V =

(
2n
2k

)
, dim

∧2l V =
(
2n
2l

)
, dim

∧2k+2l V =
(

2n
2k+2l

)
,

dim
∧2k V ⊗

∧2l V =
(
2n
2k

)(
2n
2l

)
, dim imϕ =

(
2n
2k

)
+
(
2n
2l

)
− 1,

Example 2. V = R2, u, v ∈
∧1 V , u = u1e1 + u2e2, v = v1e1 + v2e2, u ∧ v = (u1v2 − u2v1)e12,

‖u ∧ v‖2

‖u‖2‖v‖2
=

(u1v2 − u2v1)2

(u21 + u22)(v
2
1 + v22)

≤ 1,

If u⊗ v = a11e1 ⊗ e1 + a12e1 ⊗ e2 + a21e2 ⊗ e1 + a22e2 ⊗ e2, then a11a22 = a12a21. If we remove the
condition a11a22 = a12a21 and consider arbitrary w ∈

∧1 V ⊗
∧1 V , w = ae1⊗ e1 + be1⊗ e2 + ce2⊗

e1 + de2 ⊗ e2, then we have

‖ ∼ (w)‖2

‖w‖2
=

(b− c)2

a2 + b2 + c2 + d2
≤ 2,

Notice that the upper bound becomes loose. This example shows that we cannot only consider
the quotient map ∼:

∧1 V ⊗
∧1 V →

∧2 V on the whole space
∧1 V ⊗

∧1 V , we must consider its
restriction on the Segre variety imϕ. In the above case, if we add the constraint ad = bc, then we
have

(b− c)2

a2 + b2 + c2 + d2
≤ (b− c)2 + (a+ d)2

a2 + b2 + c2 + d2
= 1,

Assume that u =
∑

I uIeI ∈
∧2k V , v =

∑
J vJeJ ∈

∧2l V , then we have

u ∧ v =
∑
I∩J=∅

uIvJeI ∧ eJ =
∑

|P |=2k+2l

eP
∑

I∪J=P
uIvJsgn(σI,J),

‖u∧v‖2 =
∑

|P |=2k+2l

(
∑

I∪J=P
uIvJsgn(σI,J))2 =

∑
|P |=2k+2l, I1∪J1=I2∪J2=P

uI1vJ1uI2vJ2sgn(σI1,J1)sgn(σI2,J2),
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Example 3 (Volume form of a linear subspace). Assume V = R4, ξ ∈
∧2 V , and there exists a

subspace V1 ⊂ V , dimV1 = 2, such that ξ = e′1 ∧ e′2 where {e′1, e′2} is an orthonormal basis of V1.
Assume that e′j =

∑4
i=1 aijei, then we have

(e′1 e
′
2) = (e1 e2 e3 e4)


a11 a12
a21 a22
a31 a32
a41 a42

 = (e1 e2 e3 e4)A, AtA = I2,

e′1 ∧ e′2 =
∑
i<j

det

(
ai1 ai2
aj1 aj2

)
ei ∧ ej ,

More generally, assume V = Rn, ξ ∈
∧m V , and there exists a set of orthonormal vectors {e′j}mj=1

such that ξ = e′1 ∧ e′2... ∧ e′m. Assume that e′j =
∑n

i=1 aijei, then we have

(e′1 e
′
2... e

′
m) = (e1 e2... en)A, A ∈M(n,m,R), AtA = Im,

e′1 ∧ e′2... ∧ e′m =
∑
|I|=m

detAI,[m]eI , I = (i1, i2, ...im), 1 ≤ i1 < i2... < im ≤ n,

Example 4. Assume V = CG = L2(G), G = Z/2nZ, f, g ∈ V . I tried to adopt the theory of
Fourier analysis on finite abelian groups but failed.

Proposition 1 (Decomposition of 2-forms). Assume V = R2n, ξ ∈
∧2 V , ‖ξ‖ = 1, then there exists

a basis {e′i}2ni=1 of V such that

ξ =
n∑
i=1

aie
′
2i−1 ∧ e′2i,

n∑
i=1

a2i = 1, a1 ≥ a2... ≥ an ≥ 0,

Especially, when n = 2, we can write ξ = cos θe′1 ∧ e′2 + sin θe′3 ∧ e′4; when n = 3, we can write
ξ = cos θe′1 ∧ e′2 + sin θ cosφe′3 ∧ e′4 + sin θ sinφe′5 ∧ e′6.

Proof. This is equivalent to the fact that a real skew-symmetric matrix A ∈ M(2n, 2n,R) can be
written in the form A = QtΣQ, where Q ∈ SO(2n) and Σ is the real canonical form.

a1 = max
e′1,e

′
2

〈ξ, e′1 ∧ e′2〉,

a2, ...an can be determined recursively.

Example 5. n = 3, V = R6, k = l = 1, C(n, k, l) = 2!2!2!
1!1!1!3! = 4

3 . For each P ⊂ [2n], |P | =

2k + 2l = 4, the bilinear form
∑

I∪J=P uIvJsgn(σI,J) contains
(
2k+2l
2k

)
= 6 terms. But if we use the

decomposition of 2-forms, for a given ξ ∈
∧2 V , ‖ξ‖ = 1, there exists a basis {ei}2ni=1 such that we

can write
ξ = a1e1 ∧ e2 + a2e3 ∧ e4 + a3e5 ∧ e6, a21 + a22 + a23 = 1,

i) If η =
∑n

i=1 bie2i−1 ∧ e2i,
∑n

i=1 b
2
i = 1, then

ξ ∧ η =
∑

1≤i<j≤n
(aibj + ajbi)e2i−1 ∧ e2i ∧ e2j−1 ∧ e2j ,

‖ξ ∧ η‖2 =
∑

1≤i<j≤n
(aibj + ajbi)

2 = (a1b2 + a2b1)
2 + (a1b3 + a3b1)

2 + (a2b3 + a3b2)
2,
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4

3
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

4

3
(a21b

2
1 + a22b

2
2 + a23b

2
3) +

1

3

∑
i<j

(a2i b
2
j + a2jb

2
i )− 2

∑
i<j

aibjajbi

=
1

3

∑
i<j

(aibj − ajbi)2 +
2

3

∑
i<j

(aibi − ajbj)2 ≥ 0,

ii) If η =
∑

i<j bijei ∧ ej , with b2i−1,2i = 0, 1 ≤ i ≤ n, then η lies in the orthogonal complement

of
⊕n

i=1Re2i−1 ∧ e2i in
∧2 V . Then we have

‖ξ ∧ η‖2 = a23(b
2
13 + b214 + b223 + b224) + a22(b

2
15 + b216 + b225 + b226) + a21(b

2
35 + b236 + b245 + b246),

So ‖ξ ∧ η‖2 ≤ ‖ξ‖2‖η‖2 ≤ 4
3‖ξ‖

2‖η‖2 holds.
iii) Consider arbitrary η =

∑
i<j bijei ∧ ej , we prove ‖ξ ∧ η‖2 ≤ 4

3‖ξ‖
2‖η‖2 using sum of squares.

4

3
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

4

3
(a21 + a22 + a23)

∑
i<j

b2ij − a21(b234 + b235 + b236 + b245 + b246 + b256)

− a22(b212 + b215 + b216 + b225 + b226 + b256)− a23(b212 + b212 + b214 + b223 + b224 + b234)

− 2a1a2b12b34 − 2a1a3b12b56 − 2a2a3b34b56

=
4

3
a21(b

2
12 + b213 + b214 + b215 + b216 + b223 + b224 + b225 + b226) +

4

3
a22(b

2
34 + b213 + b224 + b235

+ b236 + b214 + b224 + b245 + b246) +
4

3
a23(b

2
56 + b215 + b225 + b235 + b245 + b216 + b226 + b236 + b246)

+
1

3
a21(b

2
34 + b235 + b236 + b245 + b246 + b256) +

1

3
a22(b

2
12 + b215 + b216 + b225 + b226 + b256)

+
1

3
a23(b

2
12 + b212 + b214 + b223 + b224 + b234)− 2a1a2b12b34 − 2a1a3b12b56 − 2a2a3b34b56

=
2

3
(a1b12 − a2b34)2 +

2

3
(a1b12 − a3b56)2 +

2

3
(a2b34 − a3b56)2 +

1

3
(a1b34 − a2b12)2

+
1

3
(a1b56 − a3b12)2 +

1

3
(a2b56 − a3b34)2 + remainders ≥ 0,

Example 6. n ≥ 3, V = R2n, k = l = 1, C(n, k, l) = (n−1)!(n−1)!2!
1!1!(n−2)!n! = 2(n−1)

n . Using the decom-

position of 2-forms, for a given ξ ∈
∧2 V , ‖ξ‖ = 1, there exists a basis {ei}2ni=1 such that we can

write

ξ =
n∑
i=1

aie2i−1 ∧ e2i,
n∑
i=1

a2i = 1, a1 ≥ a2... ≥ an ≥ 0,

i) If η =
∑n

i=1 bie2i−1 ∧ e2i,
∑n

i=1 b
2
i = 1, then

ξ ∧ η =
∑

1≤i<j≤n
(aibj + ajbi)e2i−1 ∧ e2i ∧ e2j−1 ∧ e2j ,

2(n− 1)

n
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

2(n− 1)

n
(

n∑
i=1

a2i )(

n∑
i=1

b2i )−
∑

1≤i<j≤n
(aibj + ajbi)

2

=
2(n− 1)

n
(

n∑
i=1

a2i b
2
i ) +

n− 2

n

∑
i<j

(a2i b
2
j + a2jb

2
i )− 2

∑
i<j

aibjajbi

=
n− 2

n

∑
i<j

(aibj − ajbi)2 +
2

n

∑
i<j

(aibi − ajbj)2 ≥ 0,
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ii) If η =
∑

i<j bijei ∧ ej , with b2i−1,2i = 0, 1 ≤ i ≤ n, then

‖ξ ∧ η‖2 =
n∑
i=1

a2i
∑

J 6=(i,j)

b2J ≤ ‖ξ‖2‖η‖2 ≤
2(n− 1)

n
‖ξ‖2‖η‖2,

iii) For arbitrary η =
∑

i<j bijei ∧ ej , we prove ‖ξ ∧ η‖2 ≤ 2(n−1)
n ‖ξ‖2‖η‖2 using sum of squares.

2(n− 1)

n
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

2(n− 1)

n

n∑
k=1

a2k
∑
i<j

b2ij −
n∑
k=1

a2k(
∑

2k−1,2k/∈J

b2J)− 2
∑
k<l

akalb2k−1,2kb2l−1,2l

=
2(n− 1)

n

n∑
k=1

a2k(
∑

2k−1 or 2k∈J
b2J) +

n− 2

n

n∑
k=1

a2k(
∑

2k−1,2k/∈J

b2J)− 2
∑
k<l

akalb2k−1,2kb2l−1,2l

=
n− 2

n

∑
k<l

(akb2l−1,2l − alb2k−1,2k)2 +
2

n

∑
k<l

(akb2k−1,2k − alb2l−1,2l)2 + remainders ≥ 0,

So we finished proving the case when k = l = 1.

Example 7. k = 1, l ≥ 2, n ≥ l + 1, C(n, k, l) = (l+1)!(n−1)!(n−l)!
1!l!n!(n−1−l)! = (l+1)(n−l)

n . Using the decom-

position of 2-forms, for a given ξ ∈
∧2 V , ‖ξ‖ = 1, there exists a basis {ei}2ni=1 such that we can

write

ξ =
n∑
i=1

aie2i−1 ∧ e2i,
n∑
i=1

a2i = 1, a1 ≥ a2... ≥ an ≥ 0,

1) We first consider the case when l = 2, now C(n, k, l) = 3(n−2)
n .

i) If η =
∑

1≤i<j≤n bije2i−1 ∧ e2i ∧ e2j−1 ∧ e2j ,
∑

1≤i<j≤n b
2
ij = 1, then

ξ ∧ η =
∑
p<i<j

(apbij + aibpj + ajbpi)e{2p−1,2p,2i−1,2i,2j−1,2j},

3(n− 2)

n
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

3(n− 2)

n
(
∑
p

a2p)(
∑
i<j

b2ij)−
∑
p<i<j

(apbij + aibpj + ajbpi)
2

=
3(n− 2)

n

∑
i<j

(a2i + a2j )b
2
ij +

2(n− 3)

n

∑
p<i<j

(a2pb
2
ij + a2i b

2
pj + a2jb

2
pi)

− 2
∑
p<i<j

(apbijaibpj + apbijajbpi + aibpjajbpi)

=
2(n− 3)

n

∑
p<i<j

(a2pb
2
ij + a2i b

2
pj + a2jb

2
pi − apbijaibpj − apbijajbpi − aibpjajbpi)

+
3

n

∑
p<i<j

((a2p + a2i )b
2
pi + (a2p + a2j )b

2
pj + (a2i + a2j )b

2
ij − 2(apbijaibpj + apbijajbpi + aibpjajbpi)) ≥ 0,

ii) For arbitrary η =
∑

J⊂[2n],|J |=4 bJeJ ,
∑

J⊂[2n],|J |=4 b
2
J = 1,

‖ξ ∧ η‖2 =
∑
I∩J=∅

a2Ib
2
J +

∑
I1 6=I2

aI1aI2bJ1bJ2 , J1 = I2 ∪K, J2 = I1 ∪K,

where |K| = 2,K ∩ I1 = K ∩ I2 = ∅, and we used the following equality:

sgn(I1, J1)sgn(I2, J2) = sgn(I1, I2,K)sgn(I2,K)sgn(I2, I1,K)sgn(I1,K) = 1,
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3(n− 2)

n
‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =

3(n− 2)

n

∑
I∩J 6=∅

a2Ib
2
J +

2(n− 3)

n

∑
I∩J=∅

a2Ib
2
J −

∑
I1 6=I2

aI1aI2bJ1bJ2

=
3

n

∑
I1 6=I2

(
1

2
(a2I1b

2
J2 + a2I2b

2
J1)− aI1aI2bJ1bJ2) +

n− 3

n

∑
I1 6=I2

(
1

2
(a2I1b

2
J1 + a2I2b

2
J2)− aI1aI2bJ1bJ2)

+ remainders

2) For arbitrary l ≥ 2, now C(n, k, l) = (l+1)(n−l)
n .

i) If η =
∑
|I|=l, I⊂[n] bIe{2i−1,2i, i∈I},

∑
|I|=l, I⊂[n] b

2
I = 1, then

ξ ∧ η =
∑

|J |=l+1, J⊂[n]

(
∑
i∈J

aibJ\{i})e{2j−1,2j, j∈J},

(l + 1)(n− l)
n

‖ξ‖2‖η‖2 − ‖ξ ∧ η‖2 =
(l + 1)(n− l)

n
(
∑
p

a2p)(
∑

|I|=l, I⊂[n]

b2I)−
∑

|J |=l+1, J⊂[n]

(
∑
i∈J

aibJ\{i})
2

=
(l + 1)(n− l)

n

∑
|I|=l, I⊂[n]

(
∑
i∈I

a2i )b
2
I +

l(n− l − 1)

n

∑
|J |=l+1, J⊂[n]

(
∑
i∈J

a2i b
2
J\{i})

− 2
∑

|J |=l+1, J⊂[n]

(
∑
i<j∈J

aibJ\{i}ajbJ\{j})

=
n− 1− l

n

∑
|J |=l+1, J⊂[n]

(l
∑
i∈J

a2i b
2
J\{i} − 2

∑
i<j∈J

aibJ\{i}ajbJ\{j})

+
l + 1

n

∑
|J |=l+1, J⊂[n]

(
∑
i∈J

(
∑

j∈J\{i}

a2j )b
2
J\{i} − 2

∑
i<j∈J

aibJ\{i}ajbJ\{j}) ≥ 0,

ii) For arbitrary η =
∑

J⊂[2n],|J |=2l bJeJ ,
∑

J⊂[2n],|J |=2l b
2
J = 1,

Conjecture 2 (Birch). The only remaining case is when n = 5, z1, z2, ...zn ∈ C satisfy the constraint∑n
i=1 |zi|2 = n, then

∆ =
∏

1≤i<j≤n
|zi − zj |2 ≤ nn,

The equality holds when z1, z2, ...zn are the vertices of a pentagon on the unit circle.

f(z) =
n∏
i=1

(z − zi), ∆ =
n∏
i=1

|f ′(zi)|, fmax(z) = zn − c, |f ′max(zi)| = |nzn−1i | = n,
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